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It is common knowledge that coupling to a heat bath, in general, tends to reduce the entangle-
ment in a quantum system. In recent years, increasing interest has been devoted to the opposite
situation where thermal or specifically tailored environments may stabilize or even generate entan-
glement. We prove the universality of this phenomenon for multipartite entanglement in the frame
of an exactly solvable dephasing model. We show by evaluating analytical lower bounds for the
appropriate entanglement measures that a common thermal environment can dynamically generate
all entanglement classes of three qubits for almost any initial product state. For sufficiently weak
dissipation this entanglement may persist up to arbitrarily large times.
Introduction.—Entanglement, one of the hallmarks of
quantum mechanics with a wide range of applications
in quantum information processing [1], is commonly
thought of being rather fragile when exposed to deco-
hering environments. Yet, already towards the end of
last century it turned out that dissipative dynamics can
lead to entanglement due to relaxation rates that depend
on the multipartite state [2], stabilize entanglement in a
decoherence-free subspace [3], or enable its generation
through local external driving [4, 5]. Later it was shown
theoretically that specific environments can be used to
engineer highly entangled states [6, 7], with very recent
experimental implementations [8, 9]. Apart from specif-
ically tailoring dissipation it is interesting to ask about
the action of a more generic or even thermal environ-
ment. The somewhat surprising answer is that the inter-
action with a common heat bath alone can, under cer-
tain circumstances, entangle two subsystems [10]. This
kind of “reservoir-induced entanglement” has meanwhile
been found for a large variety of Markovian and non-
Markovian evolutions, systems with finite or infinite di-
mensional Hilbert spaces, many different environments
(spins, bosons, squeezed or thermal, single and many-
mode), Brownian motion, and even vacuum or the Unruh
radiation experienced by accelerated subsystems [11–18].
The physical picture behind this effect is that the com-
mon heat bath not only leads to decoherence, but also to
an effective interaction. Depending on the balance be-
tween the two, entanglement may arise, disappear again,
or even persist in a steady state. With very few ex-
ceptions [6, 7, 19–23] these investigations were all con-
cerned with bipartite entanglement. However, entangle-
ment in systems with more than two parties exhibits a
rich structure that is little explored. Three qubits repre-
sent the only multipartite system whose state space par-
titioning in terms of entanglement classes is completely
known [24, 25]. Thus the question arises to what extent
reservoir-induced entanglement generation is a universal
phenomenon and whether or not all entanglement types
in a multipartite system can be generated from separable
states. The latest developments in entanglement theory
have made it feasible to give a quantitative answer.
Here we examine the generation of genuine tripartite
entanglement for three qubits in a large class of thermal
dephasing environments using state of the art methods to
detect the various entanglement resources. We show that
all entanglement classes can arise from the coupling to
the common heat bath alone and find the corresponding
conditions for the model parameters and initial states.
We start our discussion by introducing the dephasing
models under consideration and solve the equations of
motions exactly. Before discussing in detail the entan-
glement classes in the system evolution we briefly review
the entanglement classification for three qubits and the
appropriate measures to quantify these resources.
Model.—Consider a system of qubits Hsys interacting
with a heat bath. We will restrict ourselves to non-
interacting qubits with degenerate energy levels, i.e.,
Hsys = 0, so that the total Hamiltonian reads
H = Hint +Hbath . (1)
This type of model is also obtained from a more general
dephasing model (i.e., a model with [Hsys, Hint] = 0) by
going to the interaction picture with respect toHsys. The
system is coupled through an interaction Hamiltonian
Hint = S⊗B to a common heat bath, where the “system
coupling agent” S acts on the qubit Hilbert space, and
“bath coupling agent” B on the bath degree of freedoms.
For the heat bath we assume a set of harmonic oscillators,
Hbath =
∑
j
(
p2j
2m
+
1
2
mω2j q
2
j
)
(2)
and B =
∑
j gjqj where gj are coupling constants to the
jth oscillator. It is most convenient to solve the dynamics
of the resulting reduced density matrix in the pointer
2basis {|s〉} with S|s〉 = s|s〉. With the usual assumptions
of factorizing initial conditions between system and bath,
and the bath in thermal equilibrium at temperature T =
1/kBβ at time t = 0, one finds the exact general solution
in terms of the reduced density matrix ρ(t) of the von
Neumann equation of motion [26],
〈s|ρ(t)|s′〉 = e−(s−s′)2f(t)+i(s2−s′2)ϕ(t)〈s|ρ(0)|s′〉 , (3)
where the functions f(t) and ϕ(t) are, respectively, re-
lated to real and imaginary part of the thermal-bath cor-
relation function:
f(t) =
∑
j
g2j (1 + 2nj)
2m~ω3j
(1− cosωjt) = ℜ
∫ t
0
dss
~2
C(t− s)
ϕ(t) =
∑
j
g2j (1 + 2nj)
2m~ω2j
[
t− sinωjt
ωj
]
= ℑ
∫ t
0
dss
~2
C(t− s) ,
C(t) = 〈B(t)B(0)〉 is evaluated in the initial thermal
state of the heat bath, and nj = 1/(e
β~ωj − 1). Both
f(t) and ϕ(t) vanish at t = 0. For t > 0 they are real,
positive. While ϕ(t) ∝ t for large times, the behavior of
f(t) for large times depends on the heat bath. If there
is an ultraviolet cutoff, f(t) may saturate at some finite
value, whereas otherwise f(t) may diverge. Thus, the
time evolution arising from the action of a given heat
bath is characterized by a certain path (f(t), ϕ(t)) in the
quadrant R≥0 × R≥0.
Three qubits coupled to heat bath.—In the appropriate
local bases the most general form of S reads
S = iλ0 σ
(1)
0 ⊗ σ(2)0 ⊗ σ(3)0 +
∑
j
λjσ
(j)
z (4)
where σ
(j)
α denotes the Pauli matrices for the jth qubit
(α ∈ {x, y, z}, j ∈ {1, 2, 3}), σ(j)0 ≡ i1, and λj ≥ 0. We
assume λ0 = 0 because a finite λ0 amounts to shifting the
bath oscillators and does not lead to qualitatively new
behavior. Also, because of the symmetry of the prob-
lem, we may assume λ1 ≥ λ2 ≥ λ3. Finally, a common
multiplier of the λj can be absorbed in the coupling con-
stants gi and thus just corresponds to rescaling of f and
ϕ, therefore we may choose λ1 = 1. Thus the general
form of S we use is
S = σ(1)z + λ2σ
(2)
z + λ3σ
(3)
z , 1 ≥ λ2 ≥ λ1 ≥ 0 (5)
with eigenvalues sjkl
S|jkl〉 = sjkl |jkl〉
=
(
(−1)j + (−1)kλ2 + (−1)lλ3
) |jkl〉 (6)
which, substituted in Eq. (3), determine the time evolu-
tion of the reduced system state.
Quantifying entanglement resources.—For three
qubits, there are three types (or classes) of entangle-
ment: Greenberger-Horne-Zeilinger (GHZ) type, W type
and biseparable (B) [24, 25]. A mixed state is of a given
entanglement class if it has at least one decomposition
that contains only states of this class, but it has no
decomposition with states only from ‘lower’ classes.
To date, there are no practicable methods to identify
with certainty the entanglement type of arbitrary mixed
states. However, since the entanglement classes form a
hierarchy GHZ ⊃ W ⊃ B, it is meaningful to determine
the class a state at least belongs to.
To identify GHZ-type entanglement, we use the three-
tangle, which is non-zero exactly for GHZ-type entangled
states [27, 28]. For pure three-qubit states ψ it is defined
as (we drop the qubit index of the Pauli matrices)
τ3 =
√√√√√
∣∣∣∣∣∣
∑
j=0,x,z
〈ψ∗|σj ⊗ σy ⊗ σy |ψ〉〈ψ∗|σj ⊗ σy ⊗ σy |ψ〉
∣∣∣∣∣∣
(here ψ∗ denotes the state with complex conjugate coef-
ficients) and for mixed states ρ with pure-state decom-
positions ρ =
∑
pj |ψj〉〈ψj | it is the convex roof [29]
τ3(ρ) = min
all decomp.
∑
pj τ3(ψj) . (7)
While there is no known way to calculate the exact three-
tangle of arbitrary mixed states, a lower bound can, in
principle, be calculated analytically [30]. If this lower
bound does not vanish, we know for sure the state is
GHZ-type entangled.
As for three qubits there are only two classes of gen-
uine multipartite entanglement (GME) the appropriate
quantifier to measure the ‘W -ness’ of a state is the GME
concurrence [31]. To this end we need to consider the
three bipartitions {1|23}, {2|13}, and {3|12} of qubit 1,
qubit 2, and qubit 3. For pure states the GME concur-
rence is the minimum linear entropy among all possible
bipartitions γi = {Ai|Bi} of a state
CGME(ψ) = min
γi
√
2
[
1− tr (ρ2Ai)] (8)
where ρAi is the reduced density matrix of party Ai in
the bipartition γi. For mixed states, CGME is defined
as the convex roof, in analogy with Eq. (7). For the
explicit calculations we use the lower bound described in
Ref. [31]. The procedure to calculate the bounds involves
an optimization in which we maximize the three-tangle or
the GME concurrence over local unitary transformations.
To determine whether the state is entangled at all we
use the negativity [32]. That is, we consider again the bi-
partitions γi, but now each of them separately. The nega-
tivity for the bipartition γi is Nγi(ρ) = 12
(‖ρTAi‖1 − 1)
where ρTAi denotes the partial transpose with respect to
party Ai and ‖ • ‖1 is the trace norm. Also N (ρ) can be
regarded as a lower bound as it does not detect entangled
states with a positive partial transpose. However, it can
be computed easily. Note that the maximum value of N
3for a single-qubit partition is 12 . As the maxima of τ3 and
CGME equal 1 we plot 2N .
Equivalence of the evolutions of pure product states.
Because we are interested in possible entanglement gen-
eration we study the time evolution starting with a
fully separable pure state, i.e., |ψ〉 = |φ1〉|φ2〉|φ3〉 with
|φj〉 = αj |0〉+ βj |1〉. All product states can be obtained
from the state |+〉 = 1√
2
(|0〉+ |1〉) by the diagonal trans-
formation F = ⊗3j=1Fj with Fj = diag(αj , βj) which,
except for the special cases |φj〉 = |0〉 and |φj〉 = |1〉, is
invertible. This in turn means that all tripartite prod-
uct states that contain neither |0〉 nor |1〉 as a factor are
related to each other by diagonal GL(2,C)⊗3 transfor-
mations.
Since we consider diagonal couplings S to the bath
the time evolution commutes with all diagonal trans-
formations. Thus, for any given f and ϕ, the state
ρ(f, ϕ;φ1φ2φ3) is related to the state ρ(f, ϕ; +++) by
the same diagonal transformation as the state |φ1φ2φ3〉
to the state |+++〉. In particular, as long as the initial
state does not contain a factor |0〉 or |1〉, for fixed f and
ϕ all states ρ(f, ϕ;φ1φ2φ3) can be transformed into one
another by a GL(2,C)⊗3 transformation, and thus belong
to the same entanglement class. Consequently, it suffices
to look at |+++〉 to capture the behavior of (almost) all
initial product states.
We may apply analogous reasoning to GHZ-type en-
tanglement and exploit the properties of the three-tangle
under local transformations [28]. For arbitrary ρ and ar-
bitrary local transformations G ∈ GL(2,C)⊗3 we have
τ3(GρG
†) = |det(G)|2 τ3(ρ). For a diagonal transfor-
mation G which turns |+++〉 into the normalized state
|φ1φ2φ3〉 we find |detG|2 = 4
∣∣∣∏3j=1 αjβj∣∣∣2 ≤ 1. Hence
the state ρ(f, ϕ; +++) has the largest three-tangle among
all the states with the same f and ϕ. For any other state,
the three-tangle can be obtained by multiplication with
the appropriate determinant.
In the case where one of the factors of the initial state
is |0〉 or |1〉, the transformation F is basically a projec-
tion, so that the qubit does not evolve at all. Thus, the
problem effectively reduces to the two-qubit case (or the
one-qubit case if two of the factors are |0〉 or |1〉). There-
fore, in what follows we will assume that the initial state
is
ρ(t = 0) ≡ ρ0 = pi+++ −→ 〈jkl|ρ0|mnq〉 = 1
8
,
with the abbreviation |ψ〉〈ψ| ≡ piψ.
Entanglement evolution in the f -ϕ plane.—The evolu-
tion starts at t = 0 with the pure product state pi+++
and f = ϕ = 0. While a state can never reach a point
with f = 0 but ϕ 6= 0, it is still worthwhile consider-
ing this case as in principle arbitrarily small values of f
are possible. Moreover, as the states at f = 0 are pure,
all entanglement measures (which are continuous) can be
evaluated exactly. The three-tangle for f = 0 is
τ3(f = 0, ϕ) =
1
2
√
|c1c2c3 + is1s2s3 − (c1 + c2 + c3) + 2|
where cj = cos(8λjϕ(t)), sj = sin(8λjϕ(t)), j = 1, 2, 3
and λ1 ≡ 1. For small ϕ, the leading term is τ3(ψ(ϕ)) =
8
√
2λ2λ3 |ϕ|3/2+O(|ϕ|7/2). This shows that three-tangle
can be produced whenever both λ2 and λ3 are non-zero,
that is, whenever all three qubits are coupled to the bath.
Only if both λ2 and λ3 are rational the ϕ dependence is
periodic. In that case there exists a sequence of values ϕn
with vanishing initial three-tangle τ3(f = 0, ϕn) = 0. For
ϕn there is no entanglement at all in the system (“zero
lines” of entanglement for all f values).
On increasing f the off-diagonal elements decay ac-
cording to Eq. (3) so that the states become more and
more mixed and the entanglement measures decrease.
For our method we always expect three-tangle and GME
concurrence to vanish at finite f values. This is because
the fidelity of the initial GHZ-entangled state decreases
with growing f while our method does not detect τ3 or
CGME for GHZ fidelities of the optimized state <
1
2 .
Nonetheless this shows that if, for a given heat bath,
f(t→∞) saturates at a small enough value, both types
of genuine multipartite entanglement may persist up to
arbitrarily large times. The dynamics of bipartite entan-
glement will be discussed below. The typical behavior of
the entanglement measures as functions of f and ϕ for
generic coupling parameters resembles the one displayed
in Fig. 1.
FIG. 1. Entanglement classes GHZ, W , B (red, yellow, light
blue) for the case λ2 =
2
3
, λ3 =
1
3
. Qualitatively the behavior
resembles that of the generic case, only that here there is a
periodicity in ϕ with zero lines for the entanglement measures
at the values of ϕ = 3npi/4. The negativity is calculated for
the bipartition {1|23}, i.e., for the first qubit.
The states for f → ∞.—It is useful to study the be-
havior for f →∞ as it reveals the special cases that need
to be considered. Recall that f(t → ∞) may diverge if
not prevented by a cutoff. We conclude from Eq. (3)
that ρ(f → ∞) = ∑r Prρ0P †r where Pr are the projec-
tors on the eigenspaces of S. We have to determine those
4eigenspaces depending on λ2 and λ3. Since S is diagonal
in the computational basis, |jkl〉 are trivially eigenstates,
with corresponding eigenvalues sjkl according to Eq. (6).
As we start with the pure state |+++〉, the asymptotic
state ρ(f → ∞) is a mixture of pure states that are
equally-weighted superpositions of all the basis states in
the corresponding eigenspace. Note that all entries of
ρ(f →∞) are either 18 or 0.
For generic values of λ2 and λ3, all eigenspaces are
one-dimensional, and ρ(f →∞) is the completely mixed
state. Since there is a finite neighborhood of the com-
pletely mixed state where all states are separable [33],
generically full separability will be reached for finite val-
ues of f . However, for certain values of λ2 and λ3,
some of the eigenvalues will coincide, resulting in larger
eigenspaces and thus more interesting asymptotic states.
In the trivial case λ2 = λ3 = 0 no entanglement is
generated. If only λ3 = 0 and λ2 > 0 the third qubit
is decoupled from the bath and remains in |+〉 while the
first two qubits follow the well-known two-qubit behav-
ior [10]: For generic λ2 and f →∞ the state of the first
two qubits is completely mixed and separable states are
reached for finite f , while in the symmetric case λ2 = 1
the final state of the first two qubits is the separable mix-
ture
ρ2s =
1
2
piψ+ +
1
4
(pi00 + pi11) (9)
with |ψ+〉 = 1√
2
(|01〉+ |10〉).
Special cases arise for all λj 6= 0 if λ2 = λ3, λ2+λ3 = 1
or λ2 = 1. In the first case, the eigenvalues for the states
|001〉 and |010〉 as well as those for |101〉 and |110〉 co-
incide. For λ2 + λ3 = 1, the states |011〉 and |100〉 have
the same eigenvalues. Finally, in the case λ2 = 1 there
is a degeneracy for the states |010〉 and |100〉 as well
as for the states |011〉 and |101〉. Not all of the three
relations above can be fulfilled at the same time. More-
over, λ2 = 1, λ3 6= 1 is equivalent up to rescaling to
λ2 = λ3 6= 1 after exchanging the first with the third
qubit. Finally, if the second and third equalities are ful-
filled, we have λ3 = 0 which decouples the third qubit.
Hence there remain four (truly tripartite) special cases
with the corresponding asymptotic states ρ(f → ∞),
which are located at the border between separable and
biseparable states, see Table I. The negativity is non-zero
for t → ∞ for at least one bipartition in each of those
special cases (cf. Fig. 2).
Summary.—We have analyzed multipartite entangle-
ment generation in an exactly solvable dephasing model
of three non-interacting qubits coupled to the same ther-
mal heat bath. Entanglement generation solely depends
on the interplay between the real and imaginary parts
f(t) and ϕ(t) of the bath-correlation function, and two
parameters λ2, λ3 of the coupling Hamiltonian.
Using optimized lower bounds to the three-tangle and
the GME concurrence, we have shown that for small f(t)
TABLE I. The four special cases for ρ(f → ∞) depending
on the parameters λ2, λ3, and the generic case where (λ2, λ3)
differs from the values in the special cases. The states used
in the decompositions are |W 〉 = 1√
3
(|001〉 + |010〉 + |100〉),
|W 〉 = 1√
3
(|110〉 + |101〉 + |011〉), and |GHZ+3 〉 =
1√
2
(|011〉 +
|100〉). All asymptotic states are separable.
parameters asymptotic state ρ(f →∞)
λ2 + λ3 = 1
1
4
pi
GHZ
+
3
+ 1
8
(pi000 + pi001 + pi010+
λj /∈ {0, 12 , 1} +pi101 + pi110 + pi111)
λ2 = λ3 = 1
1
8
pi000 +
3
8
piW +
3
8
piW +
1
8
pi111
λ2 = λ3 =
1
2
1
4
(
pi
GHZ
+
3
+ pi0ψ+ + pi1ψ+
)
+ 1
8
(pi000 + pi111)
λ2 = λ3
1
2
(pi0 + pi1)⊗ ρ2s
/∈ {0, 1
2
, 1}
otherwise 1
8
1⊗ 1⊗ 1
0 1 2 3 4 5 6
10-4
10-3
10-2
10-1
100
f
2
N
0 1 2 3 4 5 6
10-4
10-3
10-2
10-1
100
f
2
N
0 1 2 3 4 5 6
10-4
10-3
10-2
10-1
100
f
2
N
FIG. 2. Negativities 2N (f) in the asymptotic states ac-
cording to Table 1 for values of ϕ maximizing N (f = 0). In
each plot, the blue solid line gives the negativity for the bi-
partition {1|23}, the red long-dashed line for the bipartition
{2|13}, and the green dashed line for the bipartition {3|12}.
a) For λ2+λ3 = 1 (first line of Table 1) the negativities decay
exponentially, with a specific decay constant for each qubit.
We do not show examples for the second and the third line of
Table 1, since the only difference with the first line is that all
qubits have the same decay constant (λ2 = λ3 = 1), or only
the decay constant of the first qubit differs from the others
(λ2 = λ3 =
1
2
). The plot shows the negativities for λ2 = 2/3,
λ3 = 1/3 and ϕ = 3pi/8.
b) For λ2 = λ3 /∈ {0,
1
2
, 1} the negativity of the first qubit
vanishes at a finite value of f while that of the other qubits
vanishes smoothly. Plot parameters are λ2 = λ3 = 1/3 and
ϕ = 3pi/8.
c) In the generic case all negativities vanish at finite values of
f (here for λ2 = pi/4, λ3 = e/4 and ϕ = 1/2).
(weak decoherence) and sufficiently large ϕ(t) (strong ef-
fective interaction mediated by the heat bath) all classes
of tripartite entanglement can be generated from almost
any pure product state. For almost all pairs (λ2, λ3)
the state for sufficiently large finite f is fully separa-
ble, but there are four special symmetric cases, where
the reservoir-induced bipartite entanglement is proven to
persist up to arbitrarily large values of f(t). If the bath
correlation function f(t) for t → ∞ saturates at suffi-
ciently small values, genuine tripartite and even GHZ-
5type entanglement may be present up to arbitrarily large
times. One may note that these statements hold as well
for weakly mixed initial separable states.
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